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Abstract
The dynamics of regular polynomial endomorphisms of two variables is investigated. Especially, the landing points of the
external rays for maps associated with Chebyshev maps are completely characterized.
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1. Introduction
In this article, we will investigate the landing property of external rays for polynomial maps on C2 of Chebyshev
type. For these maps, we can explicitly describe external rays and their landing points, just as in case of one variable.
External rays were first defined for polynomial maps on C to investigate the combinatorial properties of the dynam-
ics. Let P = P(z) be a monic polynomial of degree d and let ϕ = ϕP be its Böttcher coordinate, that is, a conformal
map ϕ in a neighborhood of the point at ∞ satisfying
ϕ
(
P(z)
)= ϕ(z)d , lim
z→∞
ϕ(z)
z
= 1.
By this functional equation, it can be continued analytically until it meets a critical point. Especially, if the filled-
in Julia set K(P ) is connected, it extends to a conformal map ϕ :C − K(P ) → C − D := {z ∈ C; |z| > 1}. The
external ray RP (θ) of external angle θ is defined by RP (θ) = ϕ−1({re2πiθ ; r > R}) with some R > 1. It satisfies
P(RP (θ)) = RP (dθ). We say it lands at a point z on the Julia set J (P ) = ∂K(P ) if it is continued to r > 1 and
converges to z as r → 1.
Here we give a review on the external rays of the Chebyshev polynomial p(z) = z2 −2. The distinguished nature of
this map p is that everything is explicitly written down. Similar argument will be used later. Put z = ψ(t) := t + 1/t .
Then
p
(
ψ(t)
)= (t + 1/t)2 − 2 = t2 + 1/t2 = ψ(t2)=: ψ(p0(t)).
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Böttcher coordinate of p. Another branch is given by ϕ˜(z) := 1/ϕ(z). The external ray Rp(θ) for p is explicitly
written by
z = ψ(re2πiθ )= re2πiθ + r−1e−2πiθ , r > 1,
and it lands at a point
z0 = e2πiθ + e−2πiθ = 2 cos 2πθ.
Since J (p) = K(p) = {z = 2 cos 2πθ; θ ∈ T := R/Z}, the dynamics of p on J (p) is semiconjugate to the angle-
doubling map θ → 2θ . Note that the Julia set J (p) is equal to the support of the maximal entropy measure μ =
ddcGp := (2π)−1ΔGp dx ∧ dy. Here Gp(z) = log+ |ϕ(z)| = Gp0(ϕ(z)) is the Green function of p on C − K(p),
log+ t = Max(log t,0) and z = x + yi. Both branches ϕ and ϕ˜ are analytically continued across J (p) and we have
Gp(z) = Gp0 ◦ ϕ(z) + Gp0 ◦ ϕ˜(z) everywhere.
Recently, Bedford and Jonsson [1] defined external rays for regular polynomial endomorphisms of Ck and estab-
lished a landing property under some additional assumptions.
There are generalizations of the Chebyshev map p on R to higher dimensions. We will extend the argument above
to these maps and investigate the landing property of their external rays even though they do not satisfy some of the
assumptions in [1].
As a generalization of p on R, we first investigate the external rays for the map f (z) = z2 − 2z on C, which is
studied by Uchimura [6] and Withers [8]. Next we consider the map F(x, y) = (x2 − 2y, y2 − 2x) of C2, which is
investigated as a generalization of f to C2 in Uchimura [7]. Then the external rays of F in the sense of [1] well match
those of f . As another generalization of p, we study the map H(x,y) = (x2 − 2y − 4, y2 − 2x2 + 4y + 4), which
Withers [8] investigated. This map turns out to be the symmetric product of the map p above. Extending this, we will
also investigate the external rays of the family
Hc(x, y) =
(
x2 − 2y + 2c, y2 − cx2 − 2cy + c2), c ∈ C,
obtained as the symmetric product of the map pc(z) = z2 + c.
2. External rays for the map f
First consider the map f :C → C studied in [6,8] of the form:
f (z) = z2 − 2z.
Here we recall their works to define external rays. The map f is not holomorphic but is associated with the Chebyshev
maps of two variables and its dynamics is completely determined. Since the jacobian of f is:
Jac(f ) = |∂f/∂z|2 − |∂f/∂z|2 = 4(|z|2 − 1),
its critical set C(f ) is the unit circle |z| = 1. The filled-in Julia set K(f ), i.e., the set of points with bounded orbits, is
parametrized (with some identification) as follows.
K(f ) = {z = z(φ, θ) = e2πiφ + e2πiθ + e−2πi(φ+θ); (φ, θ) ∈ T2}. (1)
And its boundary is the hypocycloid (see Fig. 1):
z = 2e2πiθ + e−4πiθ , θ ∈ T. (2)
Moreover, the dynamics of f on K(f ) is expressed by f (z(φ, θ)) = z(2φ,2θ), which suggests that φ and θ can
be regarded as external angles. This turns out to be true as we will see in the next section.
Now put z = ψ(t) = t + 1
t
+ t
t
. It is easy to see
f
(
ψ(t)
)= ψ(t2), lim
t→∞
ψ(t)
t
= 1.
Consider the equation t3 − zt2 + zt − 1 = 0. If t is one of its roots, then so is 1/t , hence the other root is t/t . Thus,
for any z ∈ C, there exists t ∈ C such that z = ψ(t). Moreover, its jacobian Jac(ψ) satisfies
Jac(ψ) =
∣∣∣∣1 − t2
∣∣∣∣
2
−
∣∣∣∣1 − 12
∣∣∣∣
2
=
(
1 − 12
)∣∣∣∣1 − t2
∣∣∣∣
2
.t t t |t | t
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Fig. 2. External rays for f .
Hence ψ is a diffeomorphism from C − D onto C − K(f ). That is, ϕ = ψ−1 gives a (non-holomorphic) Böttcher
coordinate of f and we can define the external ray Rf (θ) of f with external angle θ by
Rf (θ) = ψ
({
re2πiθ ; r > 1}).
See Fig. 2. This definition will be justified later in the next section. Then we have the following.
Theorem 1. The external ray Rf (θ) is parametrized by
z = re2πiθ + r−1e2πiθ + e−4πiθ (r > 1)
and it lands at a point
z = z(θ) = 2e2πiθ + e−4πiθ ∈ ∂K(f ).
Conversely, any point z(θ) above is the landing point of a unique ray Rf (θ).
3. External rays for the map F
Now consider the following map in C2 studied in [7]:
F(x, y) = (x2 − 2y, y2 − 2x).
Since the map F restricted to L = {(x, y) ∈ C2; y = x} is equivalent to f , F is a natural extension to C2 of the map
f in Section 2.
First we give definitions concerning the external rays in [1]. Let f (z) be a polynomial endomorphism of Ck of
degree d and let fh(z) be its homogeneous part of degree d . It is regular if f−1h (0) = {0}. Note that regular polynomial
maps of Ck extend to analytic maps of Pk . Let Π denote the hyperplane at ∞, which is isomorphic to Pk−1. In case
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by K(f ). It is a compact subset of Ck . And the Julia set J (f ) of f is defined by the support of the measure of maximal
entropy μ = (ddcGf )k of f . Here Gf is the Green function of f , defined by Gf (z) := limn→∞ d−n log+ |f n(z)| and
(ddcGf )
k := ddcGf ∧ · · · ∧ ddcGf is the kth wedge product of the positive closed (1,1)-current ddcGf :
ddcGf :=
√−1
π
k∑
i,j=1
∂2Gf
∂zi∂zj
dzi ∧ dzj .
We put fΠ = f |Π , JΠ = J (fΠ), A0,f = {z ∈ Ck;Gf (z) > R0} for large R0 and Ws(JΠ,f ) denotes the stable set
of JΠ :
Ws(JΠ,f ) =
{
z ∈ Pk; lim
n→∞ dist
(
f n(z), JΠ
)= 0}.
The inverse Böttcher coordinate is a homeomorphism Ψ :Ws(JΠ,fh) ∩ A0,fh → Ws(JΠ,f ) ∩ A0,f conjugating fh
to f . It extends in Ws(JΠ,fh) until it meets a critical point. Each local stable manifold Wsloc(ζ ) (ζ ∈ JΠ) is a complex
disk homeomorphic to C − DR = {z ∈ C; |z| > R} for some R > 1. External rays are the rays in Ws(JΠ,f ) defined
by the gradient lines of the function Gf restricted to Wsloc(ζ ). Then they are the images by Ψ of the external rays
of fh, just as for polynomials of one variable.
For example, consider the map F above. Since Fh(x, y) = (x2, y2), we have FΠ(ζ ) = ζ 2 and JΠ = {|ζ | = 1}. Then
each stable manifold WsF (ζ ) of ζ = e2πiφ ∈ JΠ for F is the image of WsFh(ζ ) = {Θ(ζ, t) := (t, ζ t); |t | > 1} ∼= C−D
by Ψ . Since GFh(Θ(ζ, t)) = log|t |, the external ray RFh(φ, θ) of Fh in Wsloc(e2πiφ) with angle θ is an actual ray
{(x, y) = (re2πiθ , re2πi(φ+θ)); r > 1} and RF (φ, θ) = Ψ (RFh(φ, θ)).
Theorem 10.2 in [1] established the continuous landing of external rays on J (f ) for regular polynomial endomor-
phisms f of C2 under some assumptions. For example, they assume that f is uniformly expanding on J (f ). Our map
F is regular but is not expanding on J (F ) since J (F ) contains critical points, as we will see later. Next lemma says
that it satisfies the condition (‡5) in [1]. Its proof also implies that F is critically finite.
Lemma 2. Ws(JΠ,F ) ∩ C(F ) = ∅.
Proof. Note that the critical set C(F ) = {xy = 1} is parametrized as x = t, y = 1/t . We calculate the critical orbits
and by induction, we show
Fn
(
t, t−1
)= (t2n + 2t−2n−1 , t−2n + 2t2n−1) (n 2).
In fact, it is true for n = 2. Suppose it is true for n = k. Then the first entry of Fk+1(t, t−1) is(
t2
k + 2t−2k−1)2 − 2(t−2k + 2t2k−1)= t2k+1 + 4t2k−1 + 4t−2k − 2t−2k − 4t2k−1 = t2k+1 + 2t−2k .
The same holds for the second entry. Hence the case n = k + 1 is also true.
Note that the map F has two superattracting fixed points [1 : 0 : 0] and [0 : 1 : 0] in Π and Ws(JΠ,F ) is contained
in the common boundary of their basins. The above calculation implies that the parts |t | > 1 and |t | < 1 of C(F ) are
contained in the basins of the points [1 : 0 : 0] and [0 : 1 : 0] respectively and that the part |t | = 1 is contained in K(F).
Thus C(F ) never intersects Ws(JΠ,F ). This completes the proof. 
Now we consider the external rays for F . Fortunately, we have an explicit expression of an inverse Böttcher
coordinate of F and we can define them directly. Put
(x, y) = Ψ (u, v) =
(
u + 1
v
+ v
u
, v + 1
u
+ u
v
)
.
Then it satisfies the functional equation
F ◦Ψ (u, v) = Ψ (u2, v2)= Ψ ◦ Fh(u, v).
The jacobian Jac(Ψ ) is written by
Jac(Ψ )(u, v) =
(
1 − 1
)(
1 − u2
)(
1 − v2
)
.uv v u
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2/u+u2}. Hence it is invertible on Ws(JΠ,Fh) = {|u| = |v| > 1} and Ψ is a global inverse Böttcher coordinate of F .
Thus we have the following. It also gives a global parametrization of Ws(JΠ,F ) as the union of the stable mani-
folds WsF (ζ ) with ζ = e2πiφ .
Theorem 3. The external ray RF (φ, θ) is expressed by
x = re2πiθ + r−1e−2πi(φ+θ) + e2πiφ,
y = re2πi(φ+θ) + r−1e−2πiθ + e−2πiφ (r > 1).
It lands at a point:
(x0, y0) =
(
e2πiθ + e−2πi(φ+θ) + e2πiφ, e2πi(φ+θ) + e−2πiθ + e−2πiφ) ∈ L,
which depends continuously on (φ, θ) ∈ T2.
Recall that this parametrization of x0 coincides with that of K(f ) described in (1) in Section 2. Hence the para-
meters φ and θ in (1) turn out to be the external angles for F .
The restriction of Ψ to the plane u = t, v = t is:
Ψ (t, t) =
(
t + 1
t
+ t
t
, t + 1
t
+ t
t
)
= (ψ(t),ψ(t)),
where ψ is the inverse Böttcher coordinate of f . Thus the external rays for f studied in Section 2 are just the restriction
of the rays for F to L.
Now we consider the set of all landing points of external rays of F and show that it coincides with J (F ).
First consider the inverse of Ψ . Note that the numbers u,1/v, v/u (respectively v,1/u,u/v) in the definition of Ψ
are the roots of the cubic equation t3 − xt2 + yt − 1 = 0 (respectively t3 − yt2 + xt − 1 = 0). The following maps
correspond to the permutation of the roots:
τ0(u, v) = (u, v), τ1(u, v) = (u,u/v), τ2(u, v) = (1/v,u/v),
τ3(u, v) = (1/v,1/u), τ4(u, v) = (v/u,1/u), τ5(u, v) = (v/u, v).
That is, Ψ ◦ τj (u, v) = Ψ (u, v) (0 j  5). Thus the map Ψ : (C − {0})2 → C2 is surjective of degree six. Among
the six branches of the inverse of Ψ , the one Φ satisfying Φ(x,y) ∼ (x, y) at ∞ gives a Böttcher coordinate of F and
Φj := τj ◦ Φ (0 j  5) form the six branches of the inverse of Ψ . The following lemma was proved by Ueda. We
give its proof for completeness.
Lemma 4. K(F) = {(x, x) ∈ L; x ∈ K(f )}.
Proof. Since the map Ψ : (C − {0})2 → C2 is surjective, for any (x, y) ∈ C2, there exists a point (u, v) ∈ (C − {0})2
such that (x, y) = Ψ (u, v). Then we have Fn(x, y) = Ψ ◦ Fnh (u, v) and it easily follows that Fn(x, y) → ∞ if
Fnh (u, v) → ∞. Since Ψ (1/v,1/u) = Ψ ◦ τ3(u, v) = Ψ (u, v), it follows that (x, y) ∈ K(F) if and only if |u| =|v| = 1, hence y = x and x ∈ K(f ). This completes the proof. 
Let IntK(F) and ∂K(F) denote the images of the interior and the boundary of K(f ) in (1) respectively through
the map x → (x, x). Note that V(Ψ ) ∩ K(F) is equal to ∂K(F). In fact, if we put u = e2πiθ , then V(Ψ ) ∩ K(F) =
{(x, x);x = 2e2πiθ + e−4πiθ }. Compare with (2).
Lemma 5. J (F ) = K(F).
Proof. First we show J (F ) ⊂ K(F). Since J (F ) never meets the Fatou set of F , we have only to show J (F ) is
disjoint from Ws(JΠ,F ). For any point p ∈ Ws(JΠ,F ) and any open neighborhood U of p, there exists an  > 0
such that G(x,y) := GF (x, y) >  in U . Then the set C2 −⋃n0 Fn(U) is not pluripolar since it contains an open
set {(x, y); G(x,y) < }. By Theorem 6.6 in [2], U never intersects J (F ) and we conclude J (F ) ⊂ K(F).
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G = 13
∑5
j=0 Gh ◦ Φj . Note that Gh(u, v) := GFh(u, v) = Max(log+ |u|, log+ |v|). Put Φ0(x, y) = (u, v). We may
assume |u|, |v| > 1 and r := |u|/|v| > 1. Since
Gh ◦ Φ0(x, y) = Max
(
log+ |u|, log+ |v|)= log|u|,
Gh ◦ Φ1(x, y) = Max
(
log+ |u|, log+
∣∣∣∣uv
∣∣∣∣
)
= log|u|,
Gh ◦ Φ2(x, y) = Max
(
log+
∣∣∣∣1v
∣∣∣∣, log+
∣∣∣∣uv
∣∣∣∣
)
= log r,
Gh ◦ Φ3(x, y) = Max
(
log+
∣∣∣∣1v
∣∣∣∣, log+
∣∣∣∣1u
∣∣∣∣
)
= 0,
Gh ◦ Φ4(x, y) = Max
(
log+
∣∣∣∣vu
∣∣∣∣, log+
∣∣∣∣1u
∣∣∣∣
)
= 0,
Gh ◦ Φ5(x, y) = Max
(
log+
∣∣∣∣vu
∣∣∣∣, log+ |v|
)
= log |v|,
it follows
∑5
j=0 Gh ◦Φj(x, y) = 2 log|u| + log r|v| = 3 log|u| = 3G(x,y).
Note that all the maps Φj can be analytically continued to a neighborhood of IntK(F). From this expression
of G(x,y), it follows that G(x,y) is smooth also in a neighborhood of IntK(F). Hence the measure (ddcG)2 is
expressed by pull-backs of (ddcGh)2 by Φj and by Corollary 3.4.9 in Klimek [3], we have
(
ddcG
)2 = 1
9
( 5∑
j=0
Φ∗j
(
ddcGh
))2
 1
9
5∑
j=0
Φ∗j
(
ddcGh
)2
.
Since each Φ∗j (ddcGh)2 is a positive measure, J (F ) = supp(ddcG)2 contains locally the image of J (Fh) = {|u| =|v| = 1} by Ψ . By Lemma 4, it follows IntK(F) ⊂ J (F ), hence K(F) ⊂ J (F ). 
Uchimura [7] gives another proof of Lemma 5. Note that C(F ) ∩ L = {(x, x); |x| = 1} = {(x, x); x ∈ C(f )} is
contained in K(F) = J (F ). See Fig. 1. Thus F is not expanding on J (F ).
Note that (φ, θ) and the parameters
ρ1(φ, θ) = (1 + θ,φ − 1),
ρ2(φ, θ) = (φ,−φ − θ),
ρ3(φ, θ) = (−φ − θ, θ)
give a same landing point (x0, y0). That is, several rays land at a same point. We will investigate this in details. We
remark that ρ1, ρ2 and ρ3 are the reflections with respect to the lines φ = θ + 1, φ = −2θ and θ = −2φ respec-
tively. These reflections give an equivalence relation on T2. The fundamental region is the closed triangular region Δ
surrounded by the three lines:
φ = θ + 1, φ = −2θ, θ = −2φ.
Figure 3 shows the torus T2, where the dark region indicates the fundamental region Δ. Each triangle is equivalent to
one of the two halves of Δ. Now the next lemma is easy to see.
Lemma 6. The equivalence class of a point in the interior of Δ consists of 6 points, while that of a point on one of the
three edges of ∂Δ consists of 3 points and that of a vertex of ∂Δ consists of a single point itself.
Since Δ and ∂Δ correspond respectively to J (F ) and ∂J (F ) = ∂K(F), we have the following.
Theorem 7. Each point z = (x, y) in J (F ) is the landing point of exactly one, 3 or 6 external rays if z is a cusp point
on ∂J (F ), z is a non-cusp point on ∂J (F ) or z ∈ IntJ (F ) = IntK(F) respectively.
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4. External rays for the map H
In this section, we will investigate the map H : C2 → C2 of the form:
H(x,y) = (x2 − 2y − 4, y2 − 2x2 + 4y + 4),
which is also a regular polynomial endomorphism of C2 of Chebyshev type. The critical set of H is easily calculated:
C(H) = {xy = 0}.
Lemma 8. The map H is critically finite.
Proof. By a direct calculation, we have
H(0, y) = (−2(y + 2), (y + 2)2),
H 2(0, y) = (−2(t + 2), (t + 2)2) (t = −(y + 2)2),
H(x,0) = (x2 − 4,−2x2 + 4),
H 2(x,0) = ((x2 − 2)2,2(x2 − 2)2 − 4),
H 3(x,0) = ((z2 − 2)2,2(z2 − 2)2 − 4) (z = x2 − 2).
Then H 2({x = 0}) ⊂ H({x = 0}) and H 3({y = 0}) ⊂ H 2({y = 0}). 
Put (x, y) = ψ(s, t) = (s + t, st). Then it follows
H ◦ψ(s, t) = (s2 − 2 + t2 − 2, (s2 − 2)(t2 − 2))= ψ(p(s),p(t)).
Recall that p(z) = z2 − 2. It follows Jac(ψ)(s, t) = s − t , C(ψ) = {s = t} and V(ψ) = {y = x2/4}. Since s and t are
the roots of the equation t2 − xt + y = 0, the map ψ :C2 → C2 is surjective of degree two.
Note that HΠ(ζ ) = ζ 2 − 2 = p(ζ ). Hence H has a superattracting fixed point at [0 : 1 : 0]. We denote its basin by
A([0 : 1 : 0]).
Lemma 9.
K(H) = ψ(K(p) ×K(p))= ψ(J (p) × J (p)),
A
([0 : 1 : 0])= ψ((C− K(p))× (C− K(p))),
Ws(JΠ,H) = ψ
((
J (p) × (C− K(p)))∪ ((C− K(p))× J (p))).
Proof. For any (x, y) ∈ C2, there exists a point (s, t) ∈ C2 such that (x, y) = ψ(s, t). Then, since Hn(x, y) =
Hn ◦ ψ(s, t) = ψ(pn(s),pn(t)), it follows that (x, y) ∈ K(H) if and only if s ∈ K(p) and t ∈ K(p). Put (xn, yn) =
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Hn(x, y), P(s, t) = (p(s),p(t)) and (sn, tn) = Pn(s, t). Then, if (s, t) ∈ (C−K(p))× (C−K(p)), ynxn = sntnsn+tn tends
to ∞. Hence (x, y) ∈ A([0 : 1 : 0]). If s ∈ K(p) and t ∈ C − K(p), then yn
xn
is bounded, hence (x, y) ∈ Ws(JΠ,H).
The case s ∈ C− K(p) and t ∈ K(p) is the same. This completes the proof. 
Corollary 10.
K(H) = {x = 2 cos 2πθ + 2 cos 2πφ, y = 4 cos 2πθ cos 2πφ; 0 θ,φ  1/2}
= {(x, y) ∈ R2; y  x2/4, y  2x − 4, y −2x − 4}.
See Fig. 4 for K(H). Through the study of Chebyshev polynomials of two variables, Withers [8] has given the
parametrization of K(H) as above and shown that the dynamics of H on K(H) is semiconjugate to the “angle-
doubling” map (φ, θ) → (2φ,2θ).
Lemma 11. J (H) = K(H).
Proof. We can show J (H) ⊂ K(H) by the same argument as for Lemma 5. In the interior of K(H), there exist
two branches of the inverse of the map ψ . If we put one branch by (s, t) = φ0(x, y), another branch is written by
φ1(x, y) = (t, s). The Green function GP of P is written by
GP (s, t) = Max
(
Gp(s),Gp(t)
)
.
Then the Green function GH of H is:
GH(x, y) = 12
(
GP
(
φ0(x, y)
)+GP (φ1(x, y)))
and (
ddcGH
)2  1
4
(
φ∗0
(
ddcGP
)2 + φ∗1(ddcGP )2).
Since supp(ddcGP )2 = J (P ), J (H) contains the image of J (P ) = K(P ) = J (p)×J (p) by ψ . Thus K(H) ⊂ J (H).
This completes the proof. 
Now put
Ψ (u, v) =
(
u + 1
u
+ v
u
, v + v
u2
)
= ψ
(
u + 1
u
,
v
u
)
.
Then it satisfies
H ◦ Ψ (u, v) = Ψ (u2, v2 − 2u2)= Ψ ◦Hh(u, v)
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Jac(Ψ )(u, v) =
(
1 − 1
u2
)
u2 + 1 − v
u2
.
Hence Ψ is invertible on Ws(JΠ,Hh) = {|u| > 1, v/u ∈ J (p)}. That is, Ψ is a global inverse Böttcher coordinate
of H . Define Θ :JΠ × (C−D) → Ws(JΠ,Hh) by Θ(ζ, t) = (t, ζ t). Then
H ◦Ψ ◦Θ(ζ, t) = H ◦Ψ (t, ζ t) = Ψ (t2, (ζ 2 − 2)t2)= Ψ ◦Θ(HΠ(ζ ), t2).
By virtue of this coordinate, we define external rays for H . Put v
u
= ζ = 2 cos 2πφ ∈ JΠ and u = re2πiθ . Let R(φ, θ)
denote the external ray for H obtained as the image of the ray:
u = re2πiθ , v = 2re2πiθ cos 2πφ, r > 1.
Theorem 12. The external ray R(φ, θ) for H is written by
x = re2πiθ + r−1e−2πiθ + 2 cos 2πφ, y = 2 cos 2πφ(re2πiθ + r−1e−2πiθ ).
It lands at a point (x0, y0) = (2 cos 2πθ + 2 cos 2πφ,4 cos 2πθ cos 2πφ) ∈ J (H).
Corollary 13. Any point in IntJ (H) is the landing point of just four external rays. Any point on the boundary arcsy =
2x − 4, 0 < x < 4 and y = −2x − 4, −4 < x < 0 is the landing point of just three rays. Any point on the boundary
arc y = x2/4, −2 < x < 2 is the landing point of just two rays. Just two rays land at the point (0,−4) and only one
ray lands at the point (±4,4).
Proof. The set of external rays are parametrized by 0  φ  1/2, 0  θ < 1. In the parametrization of J (H), the
parameters (φ, θ) and
ρ1(φ, θ) = (θ,φ), ρ2(φ, θ) = (φ,−θ),
give the same point (x0, y0). Now the conclusions follow easily. 
Note that the condition (‡5) in [1] is not satisfied because
WsH (0) =
⋃
θ∈T
R(±1/4, θ) = (C \ K(p))× {0} ⊂ C(H) ∩Ws(JΠ,H).
Nevertheless, all external rays land, because GH |WsH (0)(x,0) = Gp(x) has no critical point.
5. External rays for the maps Hc
In this section, we will consider the family of regular polynomial endomorphisms Hc of C2 of the form:
Hc(x, y) =
(
x2 − 2y + 2c, y2 + cx2 − 2cy + c2), c ∈ C.
Note that H−2 is the map H in Section 4. The map Hc is obtained from the symmetric product of the quadratic map
pc(z) = z2 + c of one variable (see Morosawa et al. [5]). That is, put (x, y) = ψ(s, t) = (s + t, st), which is defined
in Section 4. Then it follows
Hc ◦ψ(s, t) =
(
s2 + c + t2 + c, (s2 + c)(t2 + c))= ψ(pc(s),pc(t)).
Since Hc,Π(ζ ) = pc(ζ ), Hc has a superattracting fixed point at [0 : 1 : 0]. The following lemmas are proved just as for
Lemmas 9 and 11 respectively.
Lemma 14.
K(Hc) = ψ
(
K(pc) ×K(pc)
)
,
A
([0 : 1 : 0])= ψ((C− K(pc))× (C−K(pc))),
Ws(JΠ,Hc) ⊃ ψ
((
J (pc) ×
(
C− K(pc)
))∪ ((C−K(pc))× J (pc))),
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Let ϕc be the Böttcher coordinate of pc and ψc be its inverse. If we put
Ψc(u, v) = ψ
(
ψc(u),
v
u
)
=
(
ψc(u) + v
u
,
v
u
ψc(u)
)
,
it satisfies
Hc ◦Ψc(u, v) = Ψc
(
u2, v2 + cu2)= Ψc ◦Hc,h(u, v),
Ψc(u, v) = (u, v) +O(1),
Jac(Ψc)(u, v) = ψ
′
c(u)
u
(
ψc(u) − v
u
)
.
Hence Ψc is invertible on {|u| > R0, v/u ∈ J (pc)} ⊂ Ws(JΠ,Hc,h) ∩ A0,Hc for large R0. That is, Ψc is an inverse
Böttcher coordinate of Hc. If we put Θ :JΠ × (C−DR0) → Ws(JΠ,Hc,h)∩A0,Hc by Θ(ζ, t) = (t, ζ t), then we have
Hc ◦Ψc ◦Θ(ζ, t) = Hc ◦ Ψc(t, ζ t) = Ψc
(
t2,
(
ζ 2 + c)t2)= Ψc ◦Θ(Hc,Π(ζ ), t2).
Theorem 16. The external ray R(ζ, θ) is written by
(x, y) = Ψc ◦Θ
(
ζ, re2πiθ
)= (ψc(re2πiθ )+ ζ,ψc(re2πiθ )ζ ) (r > R0).
If K(pc) is connected and locally connected, it lands at a point
(x0, y0) =
(
ψc
(
e2πiθ
)+ ζ,ψc(e2πiθ )ζ ).
It follows that WsHc(0) ⊂ {y = 0} ⊂ C(Hc) = {xy = 0} if 0 ∈ J (pc). Hence the condition (‡5) in [1] is not satisfied.
The situation is the same as in Section 4.
Lemma 17. The Green function Gc of Hc restricted to Wsloc(ζ ) is equal to log+ |t |, where t parametrizes
ϕc(C−K(pc)). If c ∈ M , it is continued to the whole stable disk WsHc(ζ ).
Proof. For (x, y) = ψ(ψc(t), ζ ) ∈ Wsloc(ζ ), we have
Hnc (x, y) = ψ
(
pnc
(
ψc(t)
)
,pnc (ζ )
)= ψ(ψc(t2n),pnc (ζ ))= (ψc(t2n)+ pnc (ζ ),ψc(t2n)pnc (ζ )).
Hence
Gc(x, y) = lim
n→∞ 2
−n log+
∣∣Hnc (x, y)∣∣= log+|t |.
This function Gc is smoothly continued to the whole stable disk WsHc(ζ ) if c ∈ M . This completes the proof. 
The landing relation of the external rays for Hc is expressed in terms of the rational lamination of pc. The rational
lamination λQ(f ) of a monic polynomial f with connected Julia set is an equivalence relation on Q defined by
θ ∼f θ ′ if Rf (θ) and Rf (θ ′) land at a same point in J (f ). See McMullen [4].
Put ζ = ψc(e2πiφ) ∈ J (pc) and R(φ, θ) = R(ζ, θ). Thus R(φ, θ) = R(φ′, θ) if φ ∼pc φ′. We define the equiva-
lence relation (φ, θ) ∼ (φ′, θ ′) on Q2, which is generated by the following three relations.
• φ = φ′ and θ ∼pc θ ′,
• θ = θ ′ and φ ∼pc φ′,
• (φ, θ) = (θ ′, φ′).
Now the following is easy to see.
Proposition 18. Suppose c ∈ M . Then the rational rays R(φ, θ) and R(φ′, θ ′) for Hc land at a same point if and only
if (φ, θ) ∼ (φ′, θ ′).
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